Abstract. In this paper we give a new method for constructing metrics of nonnegative sectional curvature on cohomogeneity one manifolds and apply it to produce invariant metrics of nonnegative sectional curvature on all of the remaining compact simply connected cohomogeneity one manifolds of dimension 7 or less which where not previously known to admit nonnegative sectional curvature. This includes an infinite family of principal SO(3) bundles over CP 2 , giving rise to new examples of vector bundles and sphere bundles with nonnegative sectional curvature.
Introduction
Manifolds of nonnegative sectional curvature are important in Riemannian geometry and yet it has always been difficult to find new ways of constructing examples of such manifolds. In [GZ1] , Grove and Ziller gave many new examples using cohomogeneity one manifolds. A cohomogeneity one manifold is a manifold with the action of a compact Lie group such that there are orbits of codimension one. These manifolds are important in Riemannian geometry, as well as in physics and in other areas of geometry. The authors showed in [GZ1] that any cohomogeneity one manifold with codimension two singular orbits admits a metric of nonnegative sectional curvature and they gave many new examples of such manifolds. It was conjectured in that paper that all cohomogeneity one manifolds admit invariant metrics of nonnegative sectional curvature however this was later disproved in [GVWZ] . There, it was shown that the Brieskorn variety B 2n−1 d does not admit a metric of nonnegative sectional curvature which is invariant under the natural cohomogeneity one action on B Cohomogeneity one manifolds were classified in dimensions 4 and lower in [Pa] and [Ne] , and later compact simply connected cohomogeneity one manifolds were classified in dimensions 5, 6 and 7 in [Ho] . Using the result of [GZ1] mentioned above as the main tool, it was also shown in [Ho] that all nonreducible compact simply connected cohomogeneity one manifolds in dimensions 7 or less admit invariant metrics of nonnegative sectional curvature except the Brieskorn varieties mentioned above and possibly some members of one exceptional family, P 7 , described below. The main result of [GZ1] does not apply to the actions in the family P 7 because one of the singular orbits has codimension greater then two. Furthermore, ever since [GZ1] in 2000, there has not been a new method for explicitly constructing metrics of nonnegative sectional curvature on cohomogeneity one manifolds. Here we offer such a method and use it to construct metrics on all the manifolds of type P 7 .
where G is the group which acts on M, H is the principal isotropy group and K ± are certain nonprincipal isotropy subgroups. In terms of these isotropy groups we can decompose M as the union of two disk bundles
See [Ho] or [GWZ] for more details.
Theorem A. The cohomogeneity one manifolds P 7 , given by the group diagrams
admit invariant metrics of nonnegative sectional curvature.
In the group diagram of Theorem A, we can see that n must be either 1 or 2. If n = 1 then H = Z 1 is trivial,
} and there are no conditions on p, q ∈ Z. If n = 2 then H = Z 2 = {(1, ±1)} up to automorphism of G, K + = ∆S 3 · Z 2 = {(g, ±g)}, and p must be even and q odd. In both cases we will assume without loss of generality that p and q are relatively prime. See Section 1 for details about these statements.
An interesting special case of the family P 7 occurs when n = 2 and p = 2. After dividing all the groups by the normal subgroup H = Z 2 = {(1, ±1)}, we get the diagram
where φ : S 3 → SO(3) is the usual double cover homomorphism and R(θ) is rotation by θ about some axis. In fact this gives a cohomogeneity one manifold even in the case that q is even, although it will no longer be simply connected. One can easily see that the resulting manifold is a principal SO(3) bundle over CP 2 (see Section 3 below or [GZ2] ) and we will show that they all admit invariant metrics of nonnegative sectional curvature, even for q even (see 3.1). Further, it is known that principal SO(3) bundles over CP 2 are classified by their second Stiefel-Whitney class w 2 and their first Pontryagin class p 1 ( [DW] or see [FU, E.8] ) with the following possibilities for w 2 and p 1 : w 2 ∈ Z 2 can take either value; and if w 2 = 0 then p 1 can take on any value p 1 ≡ 0 mod 4; or if w 2 = 0 then p 1 can take any value p 1 ≡ 1 mod 4 (see [GZ2, 3.2] ). Here we are identifying p 1 ∈ H 4 (CP 2 ) with an integer by choosing the orientation class [CP 2 ] to be the one corresponding to the square of a generator of H 2 (CP 2 ). The topology of the bundles of type ( * ) was studied in [GZ2] , where it was shown that they have w 2 = q mod 2 and p 1 = ±(q 2 − 4).
Corollary B. The principal SO(3) bundle over CP 2 with second Stiefel-Whitney class w 2 = q mod 2 and first Pontryagin class p 1 = ±(q 2 − 4), for any q ∈ Z, admits a metric of nonnegative sectional curvature invariant under the cohomogeneity one action given by ( * ).
Corollary B also gives rise to new vector bundles and sphere bundles with nonnegative curvature as follows. Since the principal SO(3) bundle M over CP 2 from ( * ) admits a metric of nonnegative curvature invariant under the action of G = S 3 × SO(3), the metric is invariant under the action of SO(3), in particular. Therefore we get metrics of nonnegative sectional curvature on the associated vector bundles M × SO(3) R 3 and sphere bundles M × SO(3) S 2 , by the well known curvature nondecreasing property of Riemannian submersions [O'N] . Such vector bundles are important in the context of the so called soul theorem [CG] . Ever since this theorem came about, it has been an interesting open question to what extent the converse holds. That is, which vector bundles over compact manifolds of nonnegative sectional curvature admit nonnegative curvature? Corollary B gives new examples of such bundles.
It should be noted that the result of Corollary B overlaps with a similar result in [GZ2] for certain values of q. It was shown in [GZ2] , using a different cohomogeneity one action, that a principal SO(3) bundle over CP 2 admits a metric of nonnegative sectional curvature if the second Stiefel-Whitney class w 2 = 0, or if the first Pontryagin class p 1 = 4r 2 for some integer r > 0, or if w 2 = 0 and p 1 ≡ 0 mod 8. Corollary B gives new examples of principal SO(3) bundles over CP 2 with nonnegative sectional curvature in the case that q = 4k, for k ∈ Z. Then w 2 = 0 and p 1 = ±(16k 2 − 4), a case not covered in [GZ2] . Another interesting special case of the family P 7 occurs when n = 2 and q = p + 1. In this case the resulting manifolds are Eschenburg spaces and are known to admit metrics of positive sectional curvature invariant under the corresponding cohomogeneity one actions ( [Es] , [Zi] or [GWZ] ). In fact, it is shown in [GWZ] that these are the only manifolds of type P 7 which admit invariant metrics of positive sectional curvature. Before we state the second corollary to Theorem A we will recall some definitions. A cohomogeneity one action of a group G on a manifold M is called reducible if there is a proper normal subgroup G ′ of G which acts on M, via G ′ ⊂ G, with the same orbits. The action by G ′ is then called a reduced action. If no such normal subgroup exists, the action is called nonreducible. Theorem A, together with the results from [GVWZ] and [Ho] , completely settle the question posed at the beginning of this paper in the case of compact simply connected manifolds in dimensions 7 or less. That is, we have the following.
Corollary C. Every compact simply connected cohomogeneity one manifold of dimension 7 or less admits a metric of nonnegative sectional curvature, which is invariant under a possibly reduced cohomogeneity one action, except the Brieskorn varieties
For completeness, we also compute the cohomology groups of the manifolds of type P 7 . They are given in the following theorem.
7 is a manifold of type P 7 , then the cohomology groups are given by
The topology of these manifolds, in the case where |p| and |q| are not both 1, is very similar to that of the Eschenburg spaces, given as biquotients SU (3)
In fact, as we remarked earlier, the manifolds of type P 7 are Eschenburg spaces in the case p = q + 1 and n = 2. The cohomology groups of an Eschenburg space E 7 are given by Es] where r is an integer, depending on E 7 , which can be shown to be odd [Kr] . Theorem D shows that the manifolds of type P 7 are not Eschenburg spaces in the case that p and q are both odd since in this case the order of H 4 (M) is even, or infinite of course if |p| = |q| = 1.
The paper is organized as follows. In Section 1 we prove Theorem A by constructing a metric of nonnegative curvature on the manifolds of type P 7 . We then compute the cohomology groups of these manifolds in Section 2. Finally, in Section 3 we give a generalization of Theorem A by constructing new metrics of nonnegative sectional curvature on a larger class of cohomogeneity one manifolds. This includes a large family of principal L bundles over CP 2 and over S 4 , for a general Lie group L. The author would like to thank Wolfgang Ziller for several very helpful discussions and Chenxu He and W. Ziller for pointing out the application of Theorem A to principal SO(3) bundles over CP 2 mentioned above.
The Proof of Theorem A
In this section we will prove the main theorem by building metrics of nonnegative sectional curvature on the manifolds given by the group diagram in Theorem A. Let us first address the conditions imposed on the integers n, p and q. First notice that n is either 1 or 2. To see this, we know that H ∩ ∆S 3 = 1 since K + /H must be a 3 dimensional sphere. In addition, the identity component of
Hence n is either 1 or 2. If n = 1 it is clear there are no conditions on p, q ∈ Z. If n = 2 however, H = Z n = {(1, ±1)} up to automorphism of G so p must be even and q odd in order for H ⊂ K − = (e ipθ , e iqθ ) . Further, we will always assume p and q are relatively prime.
Recall that every cohomogeneity one manifold M, with group G, and M/G = I a closed interval, can be decomposed as
(see for example [Ho] or [GZ1] ). As in [GZ1] , we will construct a metric on M by constructing metrics on each half G × K ± D ± which are G-invariant, nonnegatively curved, product near the boundary
, and equal to the metric induced from the canonical biinvariant metric on the boundary G/H. From Theorem 2.6 of [GZ1] , we know such a metric already exists on
To construct the metric on the other half G × K + D + , we "double" this half to get the cohomogeneity one manifolds N n given by the group diagrams (g 1 q, t) ). In both cases the curve c between nonprincipal orbits can be taken to be c(θ) = (1, (cos(θ), sin(θ))), for θ ∈ [−π/2, π/2], where we consider R ⊂ H. We will now directly put metrics on N 1 and N 2 which are G-invariant, nonnegatively curved, product near the middle S 3 × S 3 and RP 3 × S 3 respectively, and which are equal the standard metrics on the middles. We will then be able to divide N n in half to get the desired metric on G × K + D + .
We will start by putting the correct metric on the S 4 factor in both N 1 and N 2 . Choose a function f : [−2, 2] → R with f ′′ ≤ 0, f (t) = 1 for t ∈ [−1, 1] and f (t) = √ 4 − t 2 near ±2. Then define a metric on S 4 by the embedding
With this embedding S 4 naturally admits a cohomogeneity one action with S 3 acting by multiplication on the H factor and this is equivalent to the S 3 action on the S 4 factor in N 1 and N 2 . Furthermore, this embedding induces a metric Q on S 4 which is S 3 -invariant, nonnegatively curved, product near the middle S 3 and equal to the standard metric on S 3 at the middle. We are now ready for the metrics on N 1 and N 2 . Put the standard metric on S 3 ⊂ H and the metric on RP 3 induced form this metric. Then, using the metric Q on S 4 described above, put the product metrics on N 1 = S 3 × S 4 and N 2 = RP 3 × S 4 . These metrics will satisfy all the properties we claimed. The metric this induces on G × K + D + will satisfy all the properties we desired for this half and will match the metric on the boundary of
from the biinvariant metric on G = S 3 × S 3 is the standard metric we obtained on
The Topology of P 7
In this section we will compute the cohomology groups of a manifold M of type P 7 , as given in Theorem D. We will do this using the Mayer-Vietoris sequence for the decomposition in (1.1). Notice further that
Hence we have the Mayer-Vietoris sequence
We will break the computation of the groups into two cases, depending on whether n is 1 or 2.
Case (n = 1). In this case H is trivial and
We know from [Ho] that M is simply connected and (2.1) clearly gives H 2 (M) ≈ Z. To find H 3 (M) and H 4 (M) we need to understand the map
Denote the usual generators of H 3 (S 3 × S 3 ) by u 1 and u 2 . The next lemma solves the main difficulty in understanding the map (2.2).
This fact was proven in section 3 of [GZ1] for the case that q = 1 and the proof given there also works in the case of arbitrary q.
Next we claim the map π *
and under this identification π + : (g 1 , g 2 ) → g 1 g −1 2 . If we let i ℓ : S 3 → S 3 × S 3 denote inclusion onto the ℓth factor, we see that π + • i 1 (g) = g and π + • i 2 (g) = g −1 . Therefore i * 1 (π * + (1)) = 1 and i * 2 (π * + (1)) = −1, for a generator 1 ∈ H 3 (S 3 ). Hence π * + (1) must be u 1 − u 2 as claimed. Therefore, if we identify
with Z ⊕ Z via the right choice of generators and we identify H 3 (S 3 × S 3 ) with Z ⊕ Z via the generators u 1 and u 2 , we see that the map π * − + π * + : Z ⊕ Z → Z ⊕ Z takes (1, 0) to (q 2 , −p 2 ) and takes (0, 1) to (1, −1). Hence, from (2.1),
which is either Z if |p| = |q| = 1 or cyclic of order det
Case (n = 2). In this case p is even, q is odd, H = {(1, ±1)}, K − = (e ipθ , e iqθ ) and
Again we know from [Ho] that M is simply connected so H 1 (M) is trivial.
To find H 2 (M) consider the map π *
] ∈ H/ ± 1 and under this identification the map π + :
, where i 2 : RP 3 → S 3 × RP 3 is inclusion onto the second factor, and hence i *
is also an isomorphism. Therefore the kernel of the map
, from (2.1), is the zero map. Therefore we can determine H 3 (M) and H 4 (M) by understanding the map π *
For this, first consider the map π − :
Notice that the natural projection ℘ :
is the composition of the projection µ : 
2) and takes (0, 1) to (2, −1). Since p is even and q is odd, this map will always have a trivial kernel, and hence H 3 (M) = ker(π * − + π * + ) = 0, from (2.1). Also from (2.1),
. As in the case n = 1, H 4 (M) is then cyclic of order |p 2 − q 2 |. This completes the proof of Theorem D.
Generalizations
There is a simple way to generalize the method of Section 1 to get new and interesting examples.
Theorem 3.1. If L is any compact connected Lie group, and φ ± : S 3 → L and ψ : S 1 → L × S 3 are any Lie homomorphisms, with ψ nontrivial, then the cohomogeneity one manifolds given by the group diagrams
The manifolds of type P 7 are examples of the first type of diagram, in the case that L is either S 3 or SO(3) ≈ RP 3 , and φ + is the identity or the natural projection S 3 → RP 3 , depending on whether n is 1 or 2, respectively.
Proof. Let M be a manifold given by one of the group diagrams from the theorem. As in Section 1 and [GZ1] we will build a metric on M by putting a metric on each half G × K ± D ± which is nonnegatively curved, product near the boundary and equal to a standard biinvariant metric on the boundary,
Again by Theorem 2.6 of [GZ1] , we know such a metric already exists on G × K − D − in the case of the first diagram for any biinvariant metric on G, so we must only show such a metric exists on G × K D in the case K = {(φ(g), g)}, where we drop the ± for simplicity.
As before, consider the cohomogeneity one manifold N given by the group diagram
It is clear that this is the action of L × S 3 on L × S 4 , where S 4 ⊂ H × R, given by (ℓ, g) ⋆ (l, (q, t)) = (ℓlφ(g −1 ), (gq, t)). Again we can take the curve c(θ) = (1, (cos θ, sin θ)), for θ ∈ [−π/2, π/2], as our curve between nonprincipal orbits. Now, take a biinvariant metric B on L and the metric Q on S 4 described in Section 1. This will induce a metric on L × S 4 which is nonnegatively curved, product near the middle, G · c(0) ≈ L × S 3 , and equal to the product of B with the standard biinvariant metric on S 3 at the middle L × S 3 . Taking the restriction of this metric on one of the halves G × K D gives the desired metric.
One important special case of the first diagram of Theorem 3.1 is the case when ψ has the form ψ(θ) = (ψ 1 (θ), e iθ ). Let M be the cohomogeneity one manifold resulting from such a diagram. Then L ≈ L × 1 ⊂ L × S 3 acts freely on M since it acts freely on each orbit L × S 3 / (ψ 1 (θ), e iθ ) , L × S 3 / {(φ(g), g)} and L × S 3 /(1, 1). As in [GZ2] and [GZ1] , the quotient M/L will admit a cohomogeneity one action by S 3 ≈ 1 × S 3 ⊂ L × S 3 with group diagram S 3 ⊃ S 3 , S 1 ⊃ 1. We then recognize this as the action of SU(2) ≈ S 3 on CP 2 via the upper block inclusion SU(2) ⊂ SU(3). Therefore M is a principal L bundle over CP 2 . In the further special case that L = SO(k), the resulting SO(k) principal bundles over CP 2 were studied in [GZ2] where the second Stiefel-Whitney classes and first Pontryagin classes were computed for these bundles. In particular many of these bundles are nontrivial. As in the case of SO(3) bundles, the metrics from Theorem 3.1 on principal SO(k) bundles over CP 2 induce metrics on the associated vector bundles and sphere bundles. It should be noted that these bundles, for k ≥ 5, were already known to admit nonnegative sectional curvature [GZ2] but Theorem 3.1 gives new metrics which are invariant under a different cohomogeneity one action.
The manifolds resulting from the second group diagram of Theorem 3.1 are also interesting. By the same argument, L acts freely on any such manifold M. The quotient M/L will again be a cohomogeneity one manifold, this time with group diagram S 3 ⊃ S 3 , S 3 ⊃ 1. It is easy to see that this group diagram corresponds to S 4 . Hence the manifold M, given by the second group diagram of Theorem 3.1, is a principal L bundle over S 4 . We can again consider the case L = SO(k) to get principal SO(k) bundles and the associated vector and sphere bundles with nonnegative sectional curvature. Such bundles were already known to admit metrics on nonnegative sectional curvature [GZ1] but again Theorem 3.1 gives new metrics on these bundles which are invariant under a different cohomogeneity one action.
